In some recent works, G. Fichera [1, 2] has raised the question of whether unidimensional quasi-static problems are well posed for linearly viscoelastic materials. These problems have the following natural generalization to the three-dimensional CaSC: V • T(x, f) + f(*. 0 = 0 on Q = Qx (-00,00),
r OO
T(x, t) = G{x, 0)E(x, t) + / G'(x,s)E(x, t -s) ds,
Jo u(jc, t) = 0 on dQ. x (-00,00).
Here, ft is a regular open connected subset of the Euclidean space R3, u is the displacement vector, E = |(Vu + VuT), T is the Cauchy stress-tensor, f is the body force, and for each x € Q, G(x, •) is a specified material function called the relaxation function-, G' is the derivative of G with respect to the elapsed time s, i.e.,
G(x, s) = G(x, 0) + [ G'(x, t) dx. Jo Fichera' s examples are compatible with the assumption that G(x, 0) is symmetric and positive definite and that the relaxation function G(x, 5) satisfies the hypotheses of the theory of Fading Memory formulated in [3, 4, 5] .
In two recent works A. Morro and I [6, 7] , pointed out that examples for G(x, •), considered by Fichera in [2] and by us in [7] , are not compatible with a certain form of the Second Law of Thermodynamics that permits equality only for reversible processes. Indeed, this principle places strong restrictions on the choice of G.
In this paper I show that if the material is a solid, i.e., G(x, 00) > 0, and if the function G is compatible with the Second Law of Thermodynamics, i.e., /0°° G'(s) sin cos ds > 0 for all a) > 0, the problem (1), (2) , (3) is well posed, namely just these two hypotheses induce a theorem of uniqueness and existence for this problem.
The study of the analytical problem therefore shows that in order to avoid the difficulties pointed out in the works of Fichera it is necessary to impose the restriction of the Second Law of Thermodynamics and, moreover, to formulate this principle in order to distinguish reversible from irreversible processes and to permit equality in the Second Law if and only if the processes are reversible. Quasi-static problem. Uniqueness and existence. A continuous viscoelastic body 38 is identified with a bounded and "regular" domain of the tridimensional Euclidean space R3. Moreover, we consider unidimensional diplacements u: Q -► R, with Q = n x (-00, oo); therefore, the motion equations for the quasi-static problem, with Dirichlet conditions, will be:
Definition. A function u is called a strict solution of the quasi-static problem (4) with Dirichlet boundary conditions (5) and source function / in L'(-oo, oo;L2(fi)), if u belongs to L'(-oo, oo;//g(Q)) and satisfies (4) and (5) 
(iii) Graffi's inequality, i.e.:
G'(x, s) sin<usrf.s^ a < 0 for all a e F3\{0} and a> > 0,
where, for simplicity of exposition, it will be here assumed that the tensor G'(x, 5) is symmetric at each x for all 5. The present results can be proved provided only that G(x, 0) and G(x, 00) are symmetric.
To explain the significance of assumption (iii) let me consider, for a moment, the one-dimensional case of a spatially homogeneous material, for which (7) would take the form: 
is a necessary and sufficient2 condition that the work in cyclic processes be nonnegative. 
1 These conditions follow from energy arguments and from the definition of a viscoelastic solid [8] , However, the physical compatibility of these hypotheses will be developed in the next section. 2 See Graffi [9] , Fabrizio-Morro [6] .
3 The Second Law of Thermodynamics for isothermal processes requires that the work done in a cyclic process be nonnegative. See, e.g., [6] ,
The Fourier transform of (9) is given by
"Ian = 0.
where
\/2n Jo Jo Equation (10) can be rewritten as
This equation is elliptic (see [10] , [11] ) because the symmetric tensor [G(x, 0) + G'(x, a>)] is such that, for an arbitrary vector a e R3\{0}, the condition (G(x, 0) + G'(.x, a>))a ■ a ^ 0, for all xefi and co e R,
holds. From (iii), when co ^ 0, the imaginary part of (13) satisfies
For w = 0we obtain by (13) r OO
Jo because from condition (ii) the tensor G(x, oo) is symmetric and positive definite. Therefore the ellipticity condition (13) implies that the problem (10), (11) has a unique solution u(x, co) = 0 for any co e R. Then the solution u(x, t) of the problem (8) , (9) is given by 1 r°°u (x,t) = --j= / u(x,a>)e 1(01 dco.
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Necessarily we obtain u{x, t) = 0 on Q. By linearity, this proves the uniqueness of the solution of the quasi-static problem (5), (6). Proof. Applying the Fourier transform to the system (5), (6) we have
u(x,co)\dn = 0,
The ellipticity of Eq. (17) is not sufficient for existence for the problem (17), (18). Now it is necessary to prove that the coefficients are uniformly elliptic, namely for any weR there exist two constants y\, y2 £ R++ independent of co, such that one of the following two inequalities is satisfied:
-(w J™ G'(x,: s) sin cos ds I a • a > y2a ■ a,
for all a e R3. It follows from the Riemann-Lebesgue lemma that the quantities rOO G\(x,co) = / G'(x,s) cos cos ds, 
it follows from the continuity of G', (x, co) and from (6) (18) has a solution u(x,co) such that for any co e R, w(-,fc>) €//,}(") (see [10] , [11] ).
Using Green's functions we are able to prove that the inverse Fourier transform of the function u{x, co) exists.
We denote by H(x, x', co) the Green's function for the problem
H{x,x',co) |aa = 0, (26) from which
Jii'
For any fixed weR the function H(x,x' ,co) is an element of //0' (see [11] ). Moreover, H(x, x', co) is continuous in co, because the coefficients G'(x, co) are continuous in co on R [12] , Since G'(x, co) -» 0 when co -* ±oo, then lim H(x,x',co) exists w-»±oo and belongs to //(J, because it is a solution of the following problem:
V ■ (G(x, 0)VH{x, x', ±oo)) -d{x -x'), H(x, x', ±oo)|afi = 0.
Hence H(x, x', co) will be bounded in co. By (27) u e L'(-oo,oo;//o(Q)) admits an inverse Fourier transform 1 r°°u (x,t) = -= / u{x,co)emt dco
such that u e L'(-oo, oo;//0'(fi)) is a solution of the original problem (5), (6) .
Thermodynamic restrictions in linear viscoelasticity. In a work with Morro [6] we proved that the relation (9) represents a necessary and sufficient condition for the validity of the Second Law of Thermodynamics.
In a subsequent work [7] Morro and I have found an example of a G which satisfies (8) , but such that there is an a> > 0 with fJo G'(x, s) sin cos ds = 0.
For this particular G, in [7] it has been demonstrated that the problem (l)- (3) o1! may have more than one solution in L'(-cx), oo;i/d(Q)) and therefore the relative quasi-static problem is ill-posed.
This example leads us to consider the need of a formulation of the Second Law of Thermodynamics, that distinguishes reversible from irreversible processes.
The problem thus arises as to an appropriate definition of a reversible process and therefore to a more restrictive formulation of the Second Law in which equality holds only for reversible processes. Since it is natural to assume that in viscoelastic material only the static processes can be reversible, according to the Second Law of Thermodynamics, in the one-dimensional case it is possible to prove the validity of (7') instead of (8) .
Such a formulation permits us, therefore, to achieve a perfect harmony between the well posedness of the quasi-static problem and the thermodynamic restrictions on the relaxation function G.
A material is said to be linearly viscoelastic if the constitutive relation is the following: 
Jo where h : [0, oo) -♦ R+ is such that h e Ll(0, oo), and lim s2h(s) = 0.
5-►OO

Definition.
A function P : [0, dp) -► Sym(F) which is piecewise continuous and is defined for any t e [0, dP] as
is called a deformation process-, the number dp e R+ is called the duration of the process.
In the following we often use the process Pt defined as the restriction of the process P : [0, dp) -► Sym(F) to the interval [0, t) c [0, dP). Let II be the set of all accessible processes of the material while the state a for a viscoelastic material is given by the history E', i.e., cr = E', and therefore Z will be the state space.
Fixing a pair (a,P), we consider the path in the state space defined by means of all states obtained when, leaving from the initial state a, we follow the process P. It is possible to define such a concept by means of the transformation function :IxIl^I defined by p(o,P) = (E(t + dP),E'+dF)
where, if a -(E(?),Ef), then /t+dp EP{t)dr + E(t), {rt+dp-S / EP(r)dr + E(t), s e [0,dp) E'(s-dp) se(dp, oo).
The curve W in the state space built by means of the pair (a, P) is given by ot = p{o,Pt), t e [0, dp).
Definition. A pair (a, P) e X x n is called a cyclic process if p(a, P) -a. We denote by W the power of the stress
and by L(o, P) the work on the curve ^ performed by going from c to p{a, P) via the process P, i.e.,
J<g Definition.
A cyclic process (a,P) is called reversible if the new process Pd efined in [0, dP) as P~{T) = -E(dp-T), re[0 ,dP), belongs to n and, moreover, a) p(a,Pt) = p(a,p-_,), b) w(a,.P(t)) = -w(at,P~_t).
Remark. For viscoelastic materials the class of reversible processes contains only sequences of equilibrium states.
As shown in [6] , it is sufficient to express the Second Law of Thermodynamics only on cyclic processes when the material is viscoelastic.
Second Law of Thermodynamics. On any cyclic process (a, P) € X x n on the state space corresponding to the closed curve W, we have
where equality holds if and only if the cyclic process is reversible. To obtain the restrictions on the function G(j) as a consequence of this principle we consider periodic fields E(0 = Ei cos cot + E2 sin<y?, co ± 0.
It is possible to associate with (35) the state a = £'(5) = Ei cos co(t -s) + E2 sin<y(f -s) and the process P e n of duration dp = Inm/ao, with m € N, is defined as P(t) = -(oE\ sin cot + C0E2 cos cot.
Of course a pair {a, P) constitutes a cyclic process if p{a,P) = a.
Remark. Such cyclic processes always are irreversible for every co ^ 0. Following the same argument used in [6] , it is possible to determine the restrictions that the inequality (34) imposes on the function G (see [6] ). 
Ei • (G'(j) -G't(j))E2 cos cos ds > 0 / J 0 holds for every co e R++ and every Ej, E2 e Sym(F).
Corollary.
If in (37) we let a> -► 00 and then w-»0we shall have, respectively,
G(oo) = Gt(oo).
Remark. It is also possible to prove, still following thermodynamic considerations, that (see [6] ) [G(0) -G(oo)]a • a > 0 for all aGSym(F).
Finally we shall assume the time-reversal condition formulated by Day [13] is satisfied. This implies that G'(s) = G't(j) for all j€(0,oo).
Corollary. Using the properties of symmetry (38) and (41) it follows from (37) that the Second Law can be formulated as follows: 
In this way we find for static processes a constitutive equation of elastic type.
Remark. Since the viscoelastic material is supposed to be solid, corresponding to the static deformation Eo we have a nonzero value of the stress tensor T. This implies that G(oo) ± 0.
Moreover, the scalar product T(oo) ■ Eo will be strictly positive. Therefore, as in the elastic case, we have T(oo) • Eo = G(oo)Eo • Eo > 0.
Remark. It follows from (45) that G(oo) is not only symmetric, but also positive definite. From this we are able to prove by means of (40) that also G(0) must be positive definite.
